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Bayes Prediction Density and Regression Estimation -
A Semiparametric Approach

By R.C. Tiwari', S. R. Jammalamadaka? and S. Chib3

Abstract: This paper is concerned with the Bayes estimation of an arbitrary multivariate density,
fx),xe R¥. Such an f(x) may be represented as a mixture of a given parametric family of densi-
ties {#(x10)} with support in R¥, where 8 tin RY) is chosen according to a mixing distribution G.
We consider the semiparametric Bayes approach in which G, in turn, is chosen according to a
Dirichlet process prior with given parameter a. We then specialize these results when f is expressed
as a mixture of multivariate normal densities ¢(x|u, A) where u is the mean vector and A is the
precision matrix. The results are finally applied to estimating a regression parameter.

1 Introduction

In a recent paper, Ferguson (1983) presents a nonparametric Bayes procedure for
estimating an arbitrary density f(x) on the real line. This paper extends the results of
Ferguson to the multivariate case¢ and considers the estimation of the predictive density
as well as the regression parameter. Consider a k x 1 random vector X = (Y, X3, ..., Xz)'
where, in the regression context, ¥ may be regarded as the dependent variable and
(X;,...,Xy) as the set of independent variables. We assume that X has an unknown
density f(x), x €R*. Such an f(x) may be represented as a mixture of a multivariate
normal densities {¢(x|u, A)},ie.,

fx) = f ¢(xlu, A)dG(u, A), (1)

where u, the mean vector and A, the precision (or the inverse of the variance) matrix
of the normal density, are chosen according to a mixing distribution G. Note that any
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distribution on R¥ can be approximated by such a mixture to any preassigned accuracy
in the Levy metric, and any density on R¥ can be approximated similarly in the L,
norm (cf. Ferguson 1983).

We consider the semiparametric Bayes approach, in which the unknown mixing
distribution G, is chosen according to a Dirichlet prior with parameter a, say D(a). Our
objective is to find the Bayes estimate f,(x), of the density of a future observation
Xp+1 given a random sample xy . ..., x, from f(x); that is, to find the semiparametric
Bayes prediction density

f,,(x)=E[f(x)ix1,...,x,,], (2)

where, in view of representation (1), the expectation in (2) is with respect to the
posterior distribution of G given the sample (x,, ..., x,) which is a mixture of Dirichlet
processes (see, equation (11)).

We also consider the problem of finding the Bayes estimate of the parameter §
that minimizes the mean-squared prediction error

k 2
E\Ypey - _22 BiXin+1 3)
1=

overall =(8,. ..., Br) ER* 1. Note that (3) is minimized when 8 is

p*=D"1a, 4)
where

Dk —1yxx-1)= (@) = (EX, n+1 X 1))
and

ak-1)x1 = (@2, ...,ax), with a;= E(X; n41Ypey).

As stated in Poli (1985) (see also Tiwari, Chib and Jammalamadaka 1988), “the
achieved estimate §* provides the best linear prediction of Y, in terms of X2 0415
---»Xk,n+l)”~
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This paper is organized as follows. Section 2 contains preliminaries and some
general results which are then specialized to the case of normal mixtures in Section 3.
Section 4 contains the Bayes estimate of 8*, while the last section includes some com-
ments on the computational aspects.

2 Preliminaries and General Results

This section provides the basic definitions and results that will be used in the sequel.
Let X be a k x 1 random vector. Then X has a k-variate normal distribution with mean
vector u and precision (the inverse of variance) matrix A, denoted by X ~ N (u, A), if
its pdf is given by

o(xlu, A) = @y A M exp {-(1/2)Cx — p) Ax — 1)}, ()

where u € R¥, and A is a symmetric positive definite (s.p.d.) matrix of order k.
A k x k random matrix A has a Wishart distribution if its pdf is given by

FOAIA*, vy =c - |A* T2 A|C=E=DI2 - exp {«(1/2) tr (AA*"1)}, (6)

where A* is a scale matrix of order k, v > k is the degrees of freedom, and c is the
normalizing constant given by

—1 _2kv/2 k(k=1)/4 2 F(V+ 1 _]/2)
i=1

We shall use the notation A ~ W, (A*, v) to denote that A has the pdf given by (6).
The k x 1 vector X has a multivariate Student’s ¢-distribution if its density func-
tion is given by

(v + £)/2)

= —k(2.
T G R

AL 40T = Y A - ] R (7)

where u €R¥, v >0 is the degrees of freedom and A is a s.p.d. matrix of order k. We
use the notation X ~ MVt,(u, A, v) to denote that X has the pdf given by (7).
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Let o(’) be a finite non-null finitely additive measure on (R?, R%). A random
probability measure P on (R?, R%) is a Dirichlet process with parameter a, and write
P € D(a), if for every finite s and every measurable partition 4, ..., 4, of R4, the
random variables (P(44, ..., P(4,)) have the Dirichlet distribution with parameters
(aAy), ..., (A4y)) (cf. Ferguson 1973).

Let &, represent the degenerate probability measure at a single point 6. Let G be
the distribution function associated with the random probability measure P. Then,
under D(a), G can expressed as (cf. Sethuraman and Tiwari 1982):

G=
i

Tpas

piaei’ (8)

where
(i) 84,0, ..., are iid on (R?, R9) with the common distribution Go =a(")/M,
@) (py,pq,...)and (8¢, 0,, ...) are independent,
(i) 91 =P1,492 =P2/(1 =p1),q3 =p3/(1 =Py —p3), ... are iid Beta (1, M), M = «(R?).

More generally than (1), one may assume that the unknown density y(x) is expressed
as a mixture of a family of k-variate densities {/(x|6)}, with the mixing distribution
G(on8)inRie.,

Y(x) = [ h(x10)dG(6). ©)
If this mixing distribution G, is assumed to have a Dirichlet prior, then from (8)

V)= Z pihtxlo). (10)

Let xy,...,x, be a random sample from Y(x) given by (9). This is equivalent to first
choosing 04, ...,0, iid. from G4(8), and then x; from h(x|0;),i =1, ..., n indepen-
dently. Then the posterior distribution of G given x,, ..., x,, is a mixture of Dirichlet
processes (cf. Antoniak 1974)

n
Glxy,...x, € fD(a+ z 891)dH(01, v Onlxg, o xp), a1
=1
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where dH(6y, ...,0,lxy, ..., x,), the posterior density of 8,,...,0, given xy,...,xy,,
is

n n i—1
dH®O 1, .., 0plx1, ... xp) (inl h(x,lﬂ,))il’[ d(a+ El 89,.)(0,)/M(")
= =1 j=

with the notation M®™) = M(M + 1) ... (M +n—1). From (11) we have

EG®)|xy, ..., xp) = Go(8) T SGn(0)dH@O,, ..., 0ulx1, ... Xn)

M
M+n 12)

n
where G,(*)= - z 8¢, is the empirical measure of the observed 64, ...,8, and Gy
i=1

corresponds to the normalized a-measure. Consequently we have the following:

Theorem 1: The Bayes estimator of ¥(x) under squared error loss function, y,(x) =
E[w(x)lxl LI --,xn]> is giVen by

Ynl) =2 Yol + o7 tl/n(X) (13)

where Yo(x), the estimate of Y(x) for no sample size, is given by
Yolx) = E¥(x) = [ h(x|6)dGo(6) (14)

and

1[/,,(x)— Ef...fh(xlB,)dH(Gl,...,0,,|x1,...,x,,). (15)

The nonparametric Bayes estimate of y(x) is, therefore, seen to be a weighted average
of the prior guess Yo (x) given in (14), and J/,,(x) given in (15). Two special cases of
interest as M, the strength in the prior goes to zero and infinity, may be considered as
in Ferguson (1983).
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In particular, as M oo, the 6;’s are all distinct and the prediction density is given
by

1 n
V)= T k), (16)

where

S h(x|0)h(x10)dGo(0)
S h(x;16)dGy(6)

Yixlxp) =

is the Bayes prediction density of x given the one observation x;.

3 Results for Normal Mixtures

In this section we specialize the results of the previous section by letting 8 = (u, A)
and h(x|0) be a multivariate normal density with mean u and the precision matrix A.
We also let G be the joint prior distribution of (u, A) given by

RIA~N(u*, Ab*), b*>0 a7
and
A~ Wi (A*, v™). (18)

Now, let the unknown density f(x), be a random mixture of a multivariate normal
densities as in (1) i.e.,

f&x)= S ¢Cxin, A)dG(u, A) (19)

where ¢(-|u, A) is the pdf in (5).
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In (19), consider the special choice of a Dirichlet process prior for G with param-
eter a = MG, where G is the natural conjugate prior of (u, A) given by (17) and (18)
namely the normal-Wishart. It is important to note that nothing prevents us from
choosing an arbitrary measure G, as the prior of 4.

Lemma 1. Let (u, A) have a joint normal-Wishart prior given by (17) and (18). Then
the prior guess of the prediction density at x, f(x), is given by (see equation (14))

* —(k+v*—k*+1)/2
e O Y ARG ut) 20)

fol)afl +

a k-variate MVt density with mean vector u*, precision matrix ¢o = (v* —k + 1)A*b*/
(b* +1),and vy = (v* — k + 1) degrees of freedom.

The proof of Lemma 1 is given in the Appendix.

Using Theorem 1 and Lemma 1, we are now able to provide the Bayes prediction
density of a future observation X4, given x(, ..., x,.

Theorem 2: Given f(x) = [ ¢(x |u, A)dG(u, A), with G € D(a), and « = MGy, where G,
is the normal-Wishart prior specified in (17) and (18), the Bayes prediction density of
Xpyq Bivenxy, ..., x, is

+ +

M n u
fx) = 3 fole) + (), @1)

where fo(x) is the MVt density given in (20) and

. 1 n
fn(x) =;l'§l f f¢(x|“i’ Al)dH((“l > Al)’ "',(#n’ An)|xl5 ---,xn)- (22)

The Bayes prediction density is therefore a weighted mixture of a multivariate-t den-
sity fo(x) and fn(x). with the weights M/(M + n) and n/(M + n), respectively. The den-
sity f,,(x) can be evaluated numerically using the results of Section 5.

Two special cases which do not require a numerical evaluation are given next. The
following Theorem 3 for M — 0 yields the usual parametric result in which (i, A) has
the normal-Wishart prior and x,, ..., x,, is a random sample from ¢(x |u, A).
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Theorem 3: Let x;|u, A ~Ni(u, A)i=1, ..., n, ulA~N(u*, A*), and A ~ Wi (A*, v¥).
Then as M — 0, then density in (21) becomes

FRG) e [1+[1+ (e —pe*)prx(e — e (Rt =k, (23)
n n
where x= X x;/n and S= Z (x;—%)(x; —x)'.
i=1 i=1

A proof of this theorem is included in the Appendix. Note that f(x) in (23)is a
k-variate MVt density with mean vector u** = (b*u* + nx)/(b* + n), precision matrix
p** = (b* +m)[nb*(b* +n) " (F—p*) X —u*) + A*"L+ 8] [(b* +n +1) and
n+v*—k+1 degrees of freedom. Setting n =1 and x =x; in Theorem 3 gives the
Bayes prediction density of X, given one observation x;(i=1, ..., n):

Corollary 1: Let x;lu, A~ Ni(u, A), p|A~ N (u*, b*A) and A ~ W (A*, v*). Then
as M — 0, the Bayes prediction density of X,,,, given x; is

fr,i0) a1+ (x —yif )’wif (x "I-‘iT )]—(k+v—k+2)/2

a k-variate multivariater pdf with mean vector ] = (b*u* +x,)/(b* + 1) precision
matrix Y] = (b* + D[B*(B* + 1) 0y — u)(x; — p*)' + A* 171 /(b* + 2)and vk +2
degrees of freedom.

The second special case, as M - oo, is covered by the following result which fol-
lows from Corollary 1 and (16).

Corollary 2: Let x;lu, A~ N (u,A) i =1,...,n, u|A~ N(u* b*A),and A ~ W (A* v*)
then as M - oo the Bayes prediction density of X, given x, ...,x,,fr (x), is given
by a finite mixture of multivariate-t densities i.e.,

1 n ,
freyas T I+ G Wi o= )RR,
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4 Bayes Estimation of a Regression Parameter

The results obtained in the previous section allow us to find the estimate of §* given in
(4), where §* minimizes the prediction mean-squared error that is specified in (3).
Although the estimate of 8* using the Bayes prediction density in Theorem 2 cannot
be computed in a closed form, the general principle can be illustrated with the follow-
ing cases.

From (3) we have

g*=D"lq,

where for 1 < i,‘j < k — 1, the typical elements of D and q are
dij=EXin+1 " Xjn+1)

and
4;=E(Xi n+1 * Yner)-

For an f which is a normal mixture, for the no-sample case, the estimate of B* can be
computed using the following. Let u* = (uf, ..., uf) and let A*~! = (), 1 <1,
I' <k, then the i, j-th element of D is

dij = O*@* —k=DIG* + 1) D8y jay tufianfa, 1<67<k-1
and the j-th element of a is
4= @*@* -k —D)/* + )7 I tulul,, 1<j<k-L

A similar procedure can be used to compute the estimate of 8* when M > 0. Letting
A**~1 = ((ZE*), 1 <1, I' <k, and uj* denote the /-th element of u** we have

dij=(n+v*—k— 17 T8 oy +ufiuty
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and
gp=(n+v*—k—D7UIP e, 1<i<k- L.

Finally. for the M — oo case, dj;’s and a;’s can again be given explicitly. The details are
ommitted.

5 Remarks and Computational Aspects

The usual issues in density estimation regarding the kernel and the window-length
could be related to the choice of the prior & in our Bayes set-up, although the specifies
need further investigation. In particular, the special form (16) corresponds to a variable
kernel estimate, as Ferguson notes. Computation of (13), the Bayes estimator of the
density can be done along the lines of Ferguson (1983), which contains an illustration
for density on R . If we define

n n i—1
HCeysoonxn)=J ... f[ 1§l h(x,le,)] Tl d(MGo + 1 5(,i)(o,)/M<")
i=1 i=1 j=1
then Lo (1978) provides the following representation of the function #

n n i—1
[ n h(x,-}@,)] n d(MGO + n 69)(01)
i=1 i=1 =t !
dH(Gl,...,B,,lxl,...,x,,)=

M(n) 'h(xl, ...,x,,)

Using this, one can rewrite the expression for y,, o(x)in (13)in terms of the function
h(") as

A, X1, 00X )

wn,a(x) = h(X1 s ...,x,.)

(24)

The computation of ¥, ,(x) clearly depends on the evaluation of the ratio in equation
(24).
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If we expand the product measure which appears in equation (24), there are n!
terms and each term of the expansion determines a partition Q = {K,, ..., K, } of the
data set {x,,...,x,} with the property that 6, = 9; if and only if x; €K, x; €K, for
some set K in Q. Hence, we can write A(xy, ..., X, ) as

h(xl s "'sxn)= 5 PM(Q)Z(Q)’ (25)
~ where
Z@)= I f T h(x;0)dGo(6) (26)
KE€Q '~ x/€K

and Py;(Q) is the probability of selecting a particular partition, Q. Define

Jh(x10) T1 h(x;16)dGo(8)
Z(Q) x;€EK

o= 5 K I 1(l0)dGo0) @7)
x,'G

where |K | is the cardinality of the set K. For the specific choice of G, that we use in
(17) and (18), we can simplify the expression for Z(Q) and Y(Q) given in (26) and
(27), respectively.

Givenx,, ..., x, the Monte Carlo procedure entails the following steps:

(i) Select a partition: This is done by using Kuo (1986)’s method. Start the first set
of partitions with x,;, say. Then, for i=1,2,...,n—1, x;,{ starts a new set with -

r
probability ; otherwise it is placed in an existing set with probability (-1-”—_'_—) ,
i

M+i
where 7 is the number of elements already in that set. In the computations, we need
only to record the number of the sets in a partition, and the indices in each class, and
for this partitioning process, one may use the indices 1 through n and not the data
themselves. -

(ii) Estimating Y o: Once a particular partition Q; is randomly chosen, compute
Z(Qy) and Y(Q,) using the equations (26) and (27). This process is replicated NV times
to give Z(Q;) and Y(Q;), 1 <i <N, and the Monte Carlo estimate of {,,(x)in (13)is
given by

- N N
In)= Z Y@ Z 2@).
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The estimate of ¥, ,(x) is then computed using (13). The variance of this estimator
can be computed using the asymptotic formula for the variance of the ratio of means

(see, Cochran 1977, p. 155):

|

2Y; Y 1 u ul
Var |=—=| =Var | = | =— {0 ~ 20y, = + 02 —>
‘(zzi (Z) N [”’ SRR
where the estimates
N
Z Y(@)IN,

- N -
2Q)=f:= X ZQIIN, YQ)=hy= 2
N _
82 =[NV - 1)]! El VA ARFA()

N .
62 =[NV - D! El (Y(@) - Y(Q)?,

and
8y, = [NV - DI7HZ Z(0) Y(Qy) - NZ(Q) - Y(Q)]

are used in place of the corresponding parameters.

Appendix
Proof of Lemma 1: By using the definition in (14), we have that

fo(x) =S o(xlu, A)dGo(u, A)

. . b*
o [IAICT B2 A e = )oY Tt A*"]d,\

+ AR (0412

o G = =)
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On using the normalizing constant of the Wishart distribution. Now using the result
that if V is a nonsingular (p x p) matrix. @ and b € RP (cf. Press 1982, p. 20), then

iV+ab'|= Vil +b'Via),
we get that

. ~(re+1)2

+ — *Y ARy — 1%
fole) |1+ (e —p*) A*x — %) ;

This completes the proof. O

Proof of Theorem 3: Notice that f0(x) is the expectation of ¢(x|u, A) w.r.t. the
posterior density of (u, A) given x, ..., x,,. This posterior density is well known (e.g.,
see Press 1982, p. 187) and is given by

dGO((“’ A)le’ '”axrl)adco(”) A) .f(xl s -"’xnlﬂ, A)

1 ’
a 1A exp [‘E(M‘#*)Ab*(#_#* X

1 . 1
exp —E(y-)?)'nA(u—Sc') - |Antrt-k-1)2 expl—Etr AIS + A*1

from which we get that

mixy, o xp, A~ Np(u**, (Ab* + nA)),

Alxy, oo Xp, A* ~ Wi((S + A*™ 1 + nb*(p* +n) 1 (F —u*)F - p*) )L, n + v*).
(A2)
Using (A.1) and (A.2) it follows that

Xne1 X150 Xn, A~ Ne(u**, A(b* + n)/(b* +n +1)).
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Let the pdf of in (A.3) be denoted by f2(-Ixy, ..., Xn, A). Then, from (A.2) and (A.3)
the Bayes prediction density of x4 is

R0 =[xy, X, A WeldAlxy,Xs, ... X0)

1
a [ IAIM? exp (—Etr A[(B* +n)(B* +n + 1) L (x — u**)(x —u*"‘)')
A
- 1
A[FYT-k=1/2 gyp (—E tr A[S + A*~! + nb*(b* + n) "1 (X — u*)(x —u*)'])d/\

from which the resuit follows. a
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